We consider relations between reduced density matrices in the configuration space of identical particles and those in Fock space, leading to the conclusion that diminishing of entanglement underlies off-diagonal long-range order, which is the hallmark of superconductivity and Bose-Einstein condensation. The discussion is also extended to show that disentanglement underlies various cases of long-range order and spontaneous symmetry breaking. We present some ideas on characterizing and experimentally measuring entanglement in many-body systems, and calculate the entanglement in nearest-neighbor RVB state.
Orders and correlations are central to many-body physics. We study nature of quantum entanglement fundamental to such emergent phenomena as quantum magnetism, BoseEinstein condensation and superconductivity. Entanglement is an essential quantum feature [1] [2] [3] , and also contains remarkable informational capacity [4] . Recently a survey was made on nature of entanglement in important many-particle states [5] . Towards connecting many-body physics and nature of entanglement, here we show that disentanglement, i.e. diminishing of entanglement, underlies long-range orders, including "diagonal" longrange orders, such as ferromagnetic and antiferromagnetic Néel states, and off-diagonal long-range order [6] , which is the hallmark of Bose-Einstein condensation and superconductivity. Ground state disentanglement in presence of interaction provides a useful and unified insight on spontaneous symmetry breaking and underlies the traditional approaches based on Landau theory [7, 8] .
There are two prerequisite questions. The first is how to calculate the entanglement in an identical particle system. The answer is to use particle number representation, defining the entanglement as non-factorization of number states at different single-particle bases states [5, 9, 10] . The second question is how to consider entanglement in a statistical ensemble [11] . The answer is to use the ensemble average of the entanglements in the Hamiltonian eigenstates. For a Hamiltonian eigenstate i, as a pure state [12] , one can use partial entropy S(A) of a subsystem A as the measure of the bi-partite entanglement between A and its complementary subsystem. Thus for a statistical ensemble, this bi-partite entanglement is measured by S(A) = i p i (T )S i (A), where p i (T ) is the statistical distribution, i denotes the Hamiltonian eigenstates, T is the temperature. The convexity of entropy implies
is the partial entropy of A for ρ(T ). Thus S ρ(T ) (A) is the upper bound of the average entanglement S(A) .
For a system of N identical particles, consider its density matrix in particle number representation n ′ 1 · · · n ∞ |ρ|n 1 · · · n ∞ , where n k or n ′ k represent the occupation number of single particle state k. The physical constraints such as particle number conservation and Pauli principle for fermions make many matrix elements vanish. The reduced density matrix of the number states of a set of single particle modes 1, · · · , l is n
The upper bound of the ensemble average entanglement between the number states at modes 1 · · · l is thus given by the von Neumann entropy of ρ l (1 · · · l). For example, for one mode k, it is S(k) = − n k n k |ρ 1 (k)|n k log n k |ρ 1 (k)|n k . For bosons, the summation is over n k = 0, · · · , N, S(k) reaches the maximal value logN when n k |ρ 1 (k)|n k is the same for these values of n k . For fermions, the summation is over n k = 0, 1, and the maximum of S(k) is log2. For both bosons and fermions, S(k) reaches the the minimum 0 when n k |ρ 1 (k)|n k is 1 for one value of n k and is 0 otherwise. In general, the more inhomogeneous the distribution of n k |ρ 1 (k)|n k for different n k , the smaller S(k). Similar feature holds for the partial entropy of more than one mode after diagonalisation of the Fock-space reduced density matrix.
In terms of the states of the particles, the density matrix is given by k
For many-particle systems, the particle reduced density matrices are related to such quantities as density and distribution functions, hence in principle the entanglement is experimentally measurable.
First let us consider bosons, then one obtains
Off-diagonal long-range order (ODLRO) in the particle reduced density matrices was systematically investigated and termed by Yang [6] . Bose-Einstein condensation is characterized by ODLRO in one-particle reduced density matrix ρ (1) , i.e. x ′ |ρ (1) |x = 0 as |x − x ′ | → ∞, which was equivalent to the existence of an eigenvalue of order N, i.e ρ (1) = λ
i |, where λ
(1) 0 = Nα, α is a finite fraction. Hence the latter equation can also be used as a definition of Bose-Einstein condensation [13] .
Let us consider (1) in the eigen-basis of ρ (1) , i.e. |k = |λ
and Nα is an integer, e.g. when α = 1, then Nα|ρ 1 (k 0 )|Nα = 1 while n k 0 |ρ 1 (k 0 )|n k 0 = 0 for n k 0 = Nα, consequently S(k 0 ) = 0. More generally, one or very few n k 0 |ρ 1 (k 0 )|n k 0 with n k 0 very close to Nα are finite fractions. Since n k 0 n k 0 |ρ 1 (k 0 )|n k 0 = 1, there can only be very few, typically only one, finite fraction. Thus ODLRO at k 0 generally implies that S(k 0 ) is very small. Typically, suppose I(Nα)|ρ 1 (k 0 )|I(Nα) is a finite fraction γ, where I(Nα) denote the integer closest to Nα, while n k 0 |ρ 1 (k 0 )|n k 0 for n k 0 = I(Nα) is of the order of (1 − γ)/N, then S(k 0 ) ≈ −γ log γ, which is very small. S(k) being the upper bound, the bipartite entanglement between the number state at k 0 and others is very small, approaching 0 when α → 1. We refer to such diminishing of entanglement as disentanglement. Therefore Bose-Einstein condensation signals disentanglement between the number state of the condensate mode and the rest of the system. For a fragment condensation, disentanglement occurs respectively between each of the condensate modes and its complementary subsystem. Now consider fermions, for which one obtains
, which does not lead to particular specification on the nature of entanglement between one mode and others. Indeed, there cannot be ODLRO in ρ
(1) [6] , thus there is no ODLRO-induced disentanglement between one particle mode and others (the trivial disentanglement in the ground state of a fermi liquid [5] is not the concern here). Moreover, one can evaluate
It can be seen that there is no ODLRO-induced disentanglement between the number states of two fermion modes and the rest of the system.
For both bosons and fermions, there can be ODLRO in the two-particle reduced density matrix, i.e. ρ (2) = λ
is a characterization of superconductivity [6] . Note the difference between "a two-particle mode" and "two oneparticle modes". The former is a unitary transformation of the latter in the two-particle Hilbert space, and can be written as
. b † K b K gives the number of particle pairs in mode K. There are N(N − 1) two-particle modes, and there are overlaps between different pairs in terms of the original particles. One obtains
. Following an argument similar to the above one for ODLRO in ρ (1) , one can find that ODLRO in ρ (2) implies disentanglement between the number state of the two-particle condensate mode, given by |λ (2) 0 , and the rest of the system. In general, for both bosons and fermions, it can be shown that if there is ODLRO in ρ (i) , there is disentanglement between the number state of the i-particle condensate mode and others in the eigen-basis of ρ (i) . For bosons, ODLRO in ρ (i) implies ODLRO in ρ (j) with j > i [6] , and thus also disentanglement between the number state of the j-particle condensate mode and its complementary subsystem.
Disentanglement also underlies diagonal long-range orders, e.g. ferromagnetic state | ↑ . . . ↑ and antiferromagnetic Néel state | ↑↓↑ . . . ↑↓ , which are product states with long-range order. They are enforced by energetics and spontaneous symmetry breaking (SSB). Suppose the square of the sum of the spin operators is S 2 , which commutes the Heisenberg Hamiltonian. The lowest energy state of a ferromagnet is the eigenstate with S 2 = Ns(Ns + 1), where N is the number of sites, s is each spin. The lowest energy state of an antiferromagnet is a singlet S 2 = 0. Because of SSB, the physical ground state of a ferromagnet is a ferromagnetic state rather than a superposition state with S 2 = Ns(Ns + 1), while the antiferromagnetically ordered state, i.e. a Néel state, is not even an energy eigenstate. Disentanglement can provide insights on the mechanism of SSB. For large N, a su-perposition state is a macroscopic superposition, which is highly fragile. As a "Schrödinger cat", it reduces to a basis product state. The ferromagnetic state or antiferromagnetic Néel state is favored over other bases states because they corresponds to the lowest energy among the bases states. Which ferromagnetic or Néel state is chosen is decided by perturbation, however small. The stabilisation of the singlet state in a low dimensional antiferromagnet may be understood as due to lower decoherent rate of the singlet state or higher tunnelling rate between different product bases states. The tunnelling between different ferromagnetic states is zero in any dimension since it is a Hamiltonian eigenstate. Ferromagetism and antiferromagnetism represent two different types of SSB [14] . Disentanglement appears to unify them.
Disentanglement also provides insights on spontaneous breaking of gauge symmetry, which is, equivalent to ODLRO, a description of Bose condensation and superconductivity. For a closed system, we may regard it as an approximation, as viewed by Peierls [14] . We think that the excellence of this approximation is not only because of giving the peaked particle number and energy, but also because ODLRO or disentanglement makes it a good approximation to write ψ
, where the average is over a particle number non-conserved (coherent) state. The difference with the genuine SSB is that it is merely determined by energetics, disentanglement happens without external perturbation or decoherence. For an open system, however, it may be viewed as a genuine SSB [8, 15] , and may be understood as that, like antiferromagnetism, the system disentangles or decoheres into a coherent state, which is not the Hamiltonian eigenstate. The reason why this state is favored may be related to its robustness [16] .
The order parameter is given by the average expectation value of the concerned operator, e.g. s iz or ψ (x) . With disentanglement, it is related to the state of each single particle. The order parameter of Bose-Einstein condensation can be directly chosen to be the single particle wavefunction [13] . We see that just because the quantum state is, to the zerothorder approximation, a (disentangled) product of a same single particle state (in the case of Néel state, it is a product of two opposite spin states), it can be described by such an order parameter, upon which the approach of Landau is based. The quantum fluctuation over the order parameter, as the higher order correction, is related to the small nonzero entanglement.
One may think of three quantities usually used in characterizing the order or fluctuation. The first is correlation function (or staggered correlation function in the case of antiferromagnetism), i.e. the average of products of operators at different sites, e.g. s iz s jz . The second is the connected correlation function, e.g. s i s j − s i s j . The third is the fluctuation amplitude of an operator O, given by O 2 − O 2 . Long-range order means the nonvanishing of s iz s jz when the distance between i and j approaches infinity. It reaches maximum when the state is the ferromagnetic or Néel state. In a generic superposition state, it is small for large distance. It would still be large if the state could be a superposition of different ferromagnetic or antiferromagnetic Néel state, which is, however, excluded by SSB. Thus long-range order in s iz implies disentanglement into the ferromagnetic or antiferromagnetic state in z direction.
In a pure quantum state, the fluctuation amplitude is nonzero if and only if the state is not an eigenstate of the operator, i.e. the state is a superposition of its eigenstates. So if the operator involves more than one particle, e.g. i s iz , there may well be entanglement (in a multi-particle Hilbert space, most of the states are entangled). This can be regarded as a relation between uncertainty relation and entanglement. The connected correlation function like s iz s jz − s iz s jz vanishes if the pure state is a product of two factors, to which i and j belong to respectively [17] . The converse is also true, seen as follows. For a pure state |ψ , s iz s jz = ψ|s iz |ψ ψ|s jz |ψ + ψ|s iz |ψ ⊥ ψ ⊥ |s jz |ψ , with |ψ ψ| + |ψ ⊥ ψ ⊥ | = 1, and ψ|ψ ⊥ = 0. Since |ψ is entangled with respect to i and j, it is not an eigenstate of s iz or s jz , thus ψ|s iz |ψ ⊥ ψ ⊥ |s jz |ψ = 0. Hence s iz s jz − s iz s jz = 0. In general, the connected correlation function of N operators of different parties is the correlation function deducted by all kinds of products of the connected correlation functions of less than N parties. It measures the correlation of fluctuations, or the part of correlation not due to correlations among parts of the sites or external coupling. From this one can observe a characterization of the entanglement among all the parties [18] as follows. If and only if the correlation function of N parties in a pure state does not equal to any possible product of connected correlation functions of less than N parties, then there is entanglement among all these N parties. The operator of each party used in the correlation functions is the eigen-operator of the basis state, e.g s iz .
Presumably, at a nonzero temperature, the fluctuation contains both thermal and quantum ones. However, if the Hamiltonian is compatible with the operator in question, then the fluctuation is solely thermal. Moreover, although in general a connected correlation function is contributed by both thermal fluctuations and quantum entanglement, with disentanglement, it is only due to thermal fluctuation. Thermodynamic entropy only measures the population of Hamiltonian eigenstates, therefore thermal phase transitions, determined by the competition between entropy and energetics and associated with the change of order and symmetry, is essentially classical (although the average entanglement may change with the temperature because different Hamiltonian eigenstates may contain different amounts of entanglement).
In low dimensional antiferromagnets, disordered or spin liquid states, as eigenstates, become important, which may be understood as due to smaller effect of SSB or disentanglement. They are entangled states. For example, consider the short-range RVB state on a square lattice, which is a superposition, with equal amplitude, of all configurations with nearest-neighbor singlet pairs [19] . One can make the sign convention by writing each singlet in a same order with respect to the two sub-lattices. The reduced density matrix of each single spin is given by ↑ |ρ 1 
Hence the entanglement between each spin and the rest of the system is −(1/8) log(1/8) − (7/8) log(7/8). The pairwise entanglement only exists for nearest neighbors, for which we find the concurrence [20] to be 17/19. It has been known that the staggered correlation function is exponentially bounded [21] , supporting our argument concerning the relation between longrange order and disentanglement. RVB state bears some similarity with the projected BCS state, in which the entanglement between an electron mode or two Cooper-paired electron modes with the rest of the system is discussed in [5] (the entanglement between the two Cooper-paired modes is zero).
Entanglement also appears to be significant in quantum critical region [22] [23] [24] [25] . Take the Ising model in a transverse field for example. In the strong interaction limit, there is SSB, long-range order and disentanglement, as discussed above. In the strong coupling limit, the state is also disentangled. While there is no long-range order in s iz , there is long-range order in s ix , though it is due to external coupling. At the critical point, the non-commutativity of the interaction and coupling terms in Hamiltonian leads to entanglement. Roughly speaking, entanglement at zero temperature, as an alternative to thermal fluctuation, provides the nonvanishing connected correlation function.
To summarize, since entanglement is an essential quantum feature, we have investigated its nature in long-range ordered states of quantum many-particle systems. It is revealed that diminishing of entanglement underlies various long-range orders and spontaneous symmetry breaking. This is consistent with the wisdom that Landau theory is essentially classical, even though the order parameter has a quantum origin [23, 26] . Remarks are also made on the relations between entanglement on one hand, and fluctuation and correlation functions on the other. Some ideas about measuring entanglement are presented. The entanglement in RVB state is calculated. It appears that while entanglement is a common feature of ground states of strongly correlated systems, in contrast with Fermi liquids [27] , disentanglement with the presence of interaction, in a certain basis or in terms of certain composite particles, is also important for "macroscopic quantum coherent phenomena". In brief, the concept of entanglement is a useful tool for condensed matter physics.
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to it as a theory of entanglement of many particles [26] . It is interesting to investigate quantitative relations between entanglement and quantum and topological orders. A many-particle ground state separated from the excited states by a gap may be a way of realizing quantum computation that is robust against environmental perturbation [5] , hence the theory of topological order may be useful to quantum computation.
